An analytical method for vibration and buckling behaviours of Functionally Graded (FG) beams with various boundary conditions under mechanical and thermal loads is presented. Based on linear straindisplacement relations, equations of motion and essential boundary conditions are derived from Hamilton's principle. In order to account for thermal effects, three cases of the temperature rise through the thickness, which are uniform, linear and nonlinear, are considered. The exact solutions are derived using the state space approach. Numerical results are presented to investigate the effects of boundary conditions, temperature distributions, material parameters and slenderness ratios on the critical temperatures, critical buckling loads, and natural frequencies as well as load-frequencies curves, temperature-frequencies curves of FG beams under thermal/mechanical loads. The accuracy and effectiveness of proposed model are verified by comparison with previous research.
Introduction
Functionally graded materials (FGMs) are a class of composites materials in which the material properties gradually vary in a specific direction. By this way, the distribution of strength and stiffness can be customised in a designable manner and the delamination which may occur in laminated composites can be avoided. Due to the excellent properties in mechanical and thermal behaviours, a wide range of application for functionally graded (FG) structures can be found in different fields, leading to the intensive study in many types of FG structures in the last three decades. Chebyshev collocation method, finite element method and differential quadrature method [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . For analytical approaches, a Navier solution has been widely used to study various mechanical behaviours of simply supported beams [16] [17] [18] [19] [20] . In addition, another analytical solution based on the state space approach, which can deal with different boundary conditions, was proposed by Khdeir and Reddy [21] [22] [23] to study the behaviour of cross-ply laminated beams. This approach was also applied for the vibration analysis of FG and FG sandwich beams [24, 25] . Regarding the thermal environment, FG beams can be designed in a smart way to adapt the environment changes, which results in a good attention in studying such behaviours. Sankar and Tzeng [26] used CBT to study the thermal stresses of simply supported FG beams. The FOBT was employed to investigate various behaviours of FG beams such as dynamic responses under a moving load [27] , thermal stability with non-linear hardening elastic foundations [28] , thermal dynamic buckling [29] , and thermal buckling and post-buckling with non-linear elastic foundation [30] . Wattanasakulpong et al. [31] used Ritz method based on the HOBT to study the buckling and vibration of FG beams, however, it was limit on uniform temperature distribution only. Based on CUF, Giunta et al. [32] developed Navier solution to analyse the static behaviour of FG beams under thermo-mechanical loads. However, as far as the authors are aware, there is no analytical solution for vibration and buckling of FG beams using HOBT with various boundary conditions under mechanical/thermal loads in a unitary manner.
In addition, effects of various temperature distributions on natural frequencies and critical temperatures of FG beams are also need further studies. As a result, it is also the main objective of this paper. Based on linear strain-displacement relations, equations of motion and the essential boundary conditions are derived from Hamilton's principle. State space-based analytical approach is used to obtain closed-form solutions for FG beams with various configurations. Three cases of the temperature rise through the thickness, which are uniform, linear and nonlinear, are considered.
Numerical results are presented for FG beams with various boundary conditions, temperature distributions and slenderness ratios to investigate the critical temperatures/loads, and natural frequencies as well as load-frequencies curves, temperature-frequencies curves. The accuracy and effectiveness of proposed model are verified by comparison with previous research.
Theoretical formulation

Functionally graded beams and temperature-dependent material properties
Consider a FG beam made from metal and ceramic with the span of a and rectangular cross-section of b h × , as shown in Fig.1 . Volume fraction of ceramic is given by power law distribution:
where p is the material parameter.
The thermo-elastic material properties are considered as a function of temperature T and can be calculated for ceramic and metal as described in [33] :
where P denotes Young's modulus E , mass density ρ and thermal expansion coefficient α , respectively. 1 1 2 , , P P P − and 3 P are the temperature dependent coefficients, which are listed in Table   1 for various materials. Fig. 2 presents the material properties of ceramics and metals with respect to the temperature change. Based on the power rule together with the temperature-dependence described in Eq. (2), the typical material properties ( ) , P z T of beam through the thickness are described as:
The material properties are calculated by Eq. (2) for ceramic and metal at the specific temperature and followed by Eq. (3) to obtain the values at z . It should be noticed that the Poisson's ratioυ is evaluated as the average of ceramic and metal values at 0 300 T K = .
Temperature distribution
Uniform Temperature Rise (UTR)
The temperature of the whole beam is assumed uniform and increased from 0 300 T K = to the current value. It means that the temperature at a point is ( ) 0 T z T T = + ∆ , where ∆T is the temperature rise.
Linear Temperature Rise (LNR)
The temperature in the ceramic and metal faces of FG beam is assumed to be T c and T m . In this case, the temperature on the metal surface is supposed to be 305 = m T K, whereas on the ceramic surface it is surged to 0 c T T T = + ∆ . With the assumption of linear distribution, the temperature through the thickness can be determined as:
Non-linear Temperature Rise (NLNR)
The applied temperature is similar to the case of LNR; however, the temperature distribution is set to follow the heat conduction rule and obtained by solving the steady state equation [27] as: 
and c K and m K are the thermal conductivity of ceramic and metal calculated at the surfaces.
Kinematics
Assuming that the deformation of FG beam is only in the x z − plane and let ( ) , , u x z t and ( ) , , w x z t be the axial and transverse displacements at an arbitrary point. These components can be expressed in terms of the displacement components on the neutral line as: Based on the linear strain -displacement relations, the axial and shear strains can be given as:
where ( )
Variational formulation
The governing equations of motion are obtained based on Hamilton's principle, which is expressed as:
where U d , V d denote the virtual variation of the strain energy, external work by axial load or thermal expansion and K d is the kinetic energy.
The virtual variation of the strain energy is given by:
where the stress resultants , ,
N M P and xz Q can be defined as:
The virtual variation of the external work in linear buckling analysis can be determined as:
Where 0 P is the mechanical load or the thermal stress resultant, which is discussed in next section.
Finally, the virtual variation of the kinetic energy is formed as:
where (.) denotes the time derivative, and ( 
Constitutive equations
The stress-strain relation for elastic FG beams can be written as:
The stress resultants are described in terms of displacement components by substituting Eq. (7) into Eq. (14) and replacing the outcomes to Eq. (10), as shown in Eq. (15):
, , , , , 1, , , , ,
It is noticeable that T x M and T x P are neglected in this paper.
Governing equations of motion and the state space solution
By substituting Eqs. (9), (11) and (12) 
By using the state space approach [34] , the displacement components can be expressed as:
where ω is the eigen-frequency.
Vibration analysis
By substituting Eq. (18) into Eq. (17), a system of ordinary differential equations is obtained:
where the coefficients n a are described as: 
The systems of Eq. (19) can be converted into a matrix form using state space approach as: (20) where the variables are 
A formal solution of Eq. (20) is given by:
where { } K is a constant column vector determined from the boundary conditions at / 2 x a = ± ; and
is the general matrix solution of Eq. (22) which can be expressed as: The boundary conditions expressed in terms of displacement variables is
Buckling analysis
Similar to the process carried out in previous section, by neglecting some terms related to time derivatives and frequencies, the system of equations expressed in the state space formulation as:
where the primary variables are reduced to 
The boundary conditions expressed in terms of displacement variables in the buckling problem is:
Substituting Eq. (22) into the appropriate boundary conditions in Eq. (24) or Eq. (27), the homogeneous system of equations is obtained in the form:
The non-trivial solutions for Eq. , the trial-error process is needed for the solutions. Tables 2-5 . It can be seen that the current solutions are in excellent agreement with previous studies for both vibration ( [2] , [4] , [10] , [14] ) and buckling problems ( [10] , [33] (Fig. 4) , the first, second, third and fourth buckling occurs at � = 103.732, 161.925, 237.383 and 274.285, respectively.
Numerical Examples and Discussion
Mechanical loads
for 5 a h = and mode 5 for 20 a h = ) are almost constant. It is from load-frequency curves that for ( ) 5, 0.5 a h p = =
Thermal loads
The following section aims to present the results derived from thermal vibration and buckling 
Uniform Temperature Rise (UTR)
This example aims to verify the accuracy further in thermal vibration and buckling behaviours and to investigate the thermal effect of Temperature Independent (TID) and Temperature Dependence (TD) material properties. The temperature is assumed to be uniform through the thickness. In order to verify with Wattanasakulpong et al. [31] , the elastic constants of FG beams in this example are taken as ( ) UTR. The present TID and TD solutions are in good agreement with those from [31] for all boundary conditions and slenderness ratios. These tables also reveal that the TD solution gives significantly lower values compared to TID one, which highlights the importance of temperature dependence in FG beams. Due to this reason, only TD solution is used in the rest of the paper. It can be seen from Table 7 that the difference in buckling behaviour of Si 3 N 4 and Al 2 O 3 in combination with SUS304 is significant inspite of a slight difference of properties between these two ceramics, whose material properties are shown in Fig. 2 . In addition, Ti-6Al-4V presents a much higher buckling temperature over SUS304 in the mixture with the ceramic ZrO 2 , especially with a high volume of metal.
The effect of temperature on the fundamental frequencies of various FG beams with 0.2 p = and 2
are illustrated in Fig. 6 . As the temperature increases, the fundamental frequencies decrease and finally vanish at the critical temperature points. That is also the characteristic of frequencytemperature curves, which can be used to determine the critical temperature of FG beams. For example, with 2 p = , the critical temperatures of Si 3 N 4 /SUS304, Al 2 O 3 /SUS304 and ZrO 2 /SUS304 beams are 401.25, 415.14 and 240.65 (K), respectively.
Linear Temperature Rise (LNR) and Nonlinear Temperature Rise (NLNR)
The comparison between UTR and LNR solutions as well as LNR and NLNR solutions for the critical temperatures and natural frequencies of FG beams is given in Tables Table 9 . As expected, the critical temperatures obtained from LNR and NLNR are the same for isotropic beams (Table 12) . As p increases, the difference becomes more pronounced with higher values for NLNR solution. Fig. 7 illustrates the critical temperatures of C-P FG beams under LNR versus material parameters. (Fig. 7) . A general view of UTR, LNR and NLNR solutions can be seen in Fig. 8 . The difference of UTR solution and the others are enormous for thick beams and less significant for thin beams. Lastly, a comprehensive 3D interaction diagram of the natural frequencies, temperature and material parameters is plotted in Fig. 9 . With a specific value of p , the natural frequencies of ZrO 2 /SUS304 beams are smaller than those of Si 3 N 4 /SUS304 beams at the same temperature.
Conclusions
Analytical solutions based on the state space approach are developed to study vibration and buckling a/h 20 40
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